We give a simple proof that a measure on a locally compact abelian group G is quasi-translation invariant with continuous translation densities if and only if it is equivalent to Haar measure on G and has a continuous positive density.
Introduction
A Borel measure on a vector space or more generally a topological group is said to be quasi-translation invariant if the class of its null sets is preserved by all translations. We show in [1] that for a measure y on U n absolute continuity and measure differentiability are equivalent properties. The proof involves establishing a preliminary result, namely that absolute continuity of y is implied by quasitranslation invariance. The purpose of this note is to give an alternative proof of this latter result. The present argument is more elementary than the original and valid in a more general context, where y is a regular measure on a locally compact abelian group.
Notation and statement of the theorem
Suppose that G is a locally compact abelian group with identity e and A is a Haar measure on G. Let 7 be a non-zero finite regular Borel measure on G and for heG define y h ( •) = y(h+ •). Then y is quasi-translation invariant (henceforth denoted by q.t.i.) if y h ~ y for every heG. In this case the Radon-Nikodym derivative dy h /dy will be denoted by f h . 
Proof of the Theorem
We will need the following results.
LEMMA l.Ify is q.t.i. and non-zero, then every set of full y-measure is dense in G.
Proof. Suppose not. Then there exists an open neighbourhood U of some point such that y(U) = 0. Since y is q.t.i., y(U') = 0 for every translation U' of U. This implies that y(K) = 0 for every compact set K in G and as 7 is a regular measure it follows that y(G) = 0. This is a contradiction. I LEMMA 
Suppose that hypothesis I of the theorem holds, and that y is non-zero. Then for every* and y in G f x+y(e) = f x (e) .f y (x). (1)
Furthermore f x (e) > Ofor all xeG.
Proof. Let x and y 6 G. Then the following relation holds for all z in a set of full 7-measure:
, M . , . , , . . / o , (see [2] , p. 103, for a proof of this). In view of Lemma 1, together with the continuity of each f h , (2) holds everywhere on G. Taking z = e gives (1). Suppose that for some xeG, f x (e) = 0. Then (1) implies that/ J/ (e) = 0 for all yeG and it follows from (2) that/^(z) = 0 for all y and zeG. Thus we arrive at the same contradiction as in the proof of Lemma 1. I
We are now in a position to prove the theorem.
Proof that I => II. Suppose that <f> and </r are bounded measurable real-valued functions on G with compact support. In view of Fubini's theorem, Lemma 2 and the invariance of A, one has the following relations: c r c r
